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Abstract.  We discuss the role of quantum statistical mechanics in the 
description of the parton distribution functions in the proton. It provides the 
low Q2 boundary conditions for DGLAP equations in terms of Fermi–Dirac and 
Bose–Einstein functions of the fractional momentum variable x. The successful 
comparison with experimental data on both the unpolarised and polarised deep 
inelastic structure functions is reviewed. We argue that the statistical approach 
for the nucleon parton distributions functions has the nice feature that the free 
model parameters are ﬁxed from data with high statistics and small systematic 
uncertainties, providing a strong constraint on the information not supplied by 
the experiments.
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1. Introduction
Scale invariance in deep inelastic scattering (DIS) has been a milestone in the for-
mulation of the standard model [1]. In fact, the dependence in the region at large Q2 in 
the (Q2, 2Mν) plane of the structure functions mainly on the ratio of the two variables, 
x = Q
2
2Mν
 , has lead Richard Feynman to introduce the parton model. In this model the 
target hadron in the e.m. (weak) DIS regime consists of point-like constituents, which 
interact elastically with the incident lepton, and the scaling variable x is just the inde-
pendent variable for the probability of ﬁnding a constituent carrying the fraction x of 
the hadron momentum in the center of mass reference of the ﬁnal hadrons.
In the framework of quantum ﬁeld theory this implies that the strong interaction 
is asymptotically free, a property of the non-abelian gauge theories, where the contrib-
ution of the gauge bosons to the beta function is larger than the one from the fermions 
[2] and the group renormalisation equations imply that the eective coupling constant 
decreases logarithmically with the energy scale.
A factor of 3 in the rate σ(e
++e→hadrons)
σ(e++e→µ++µ−) and in the amplitude for the decay pi
0 → 2γ, 
and the number of quarks to build a baryon conspire to choose SU(3) [3] as the gauge 
group for the strong interaction with quarks and gluons playing the same role as 
the electrons and photons in quantum electrodynamics. Furthermore, the non-abelian 
nature of the gauge group provides a framework to explain color conﬁnement.
Quantum chromo dynamics (QCD) not only explains the approximate scale invari-
ance of the structure functions, but also their soft dependance on Q2, dictated by the 
DGLAP equations [4], which describe the corresponding evolution of parton distribu-
tions. In the DIS regime, baryons appear less simple then their description in terms of 
three quarks. About half the momentum of the target hadron is carried by chargeless 
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partons, identiﬁed with the gluons. The measurements of dierent structure functions 
show that the distributions of the valence partons, the ones which ﬁx the ﬂavour of the 
hadron (two u and one d for the proton), have a dierent shape.
Furthermore, there is evidence for the presence of antiquarks in the nucleons, 
needed for the Drell–Yan production of µ+µ− pairs in pp and pd scattering [5]. Many 
years ago the isospin asymmetry in the content of antiquarks in the proton became 
evident. Niegawa and Sisiki and Feynman and Field [6] interpreted this asymmetry as 
a manifestation of Pauli principle, which disfavours the presence of uu¯ with respect to 
dd¯  pairs. In fact, a positive value for the dierence between the number of d¯  and u¯ is 
shown by the defect in the Gottfried sum rule [7]∫ 1
0
F p2 (x)− F n2 (x)
x
dx =
∫ 1
0
u(x) + u¯(x)− d(x)− d¯(x)
3
dx
which should give 13 for an isospin symmetric sea, while the EMC experiment measured 
0.235± 0.026 [8]. Also the d¯(x)u¯(x) ratio, related to the asymmetry in the Drell–Yan pro-
duction of muon pairs in pp and pd collisions, is larger than 1 and increases with x in 
the small x region which is the one with larger statistics [9]. Another manifestation of 
the role of Pauli principle in driving the strong dynamics of the proton is the dramatic 
decrease at large x of the 
Fn2 (x)
F p2 (x)
 ratio [10], which implies a broader shape for u(x) than 
for d(x). Also, the behaviour of the spin asymmetries of the valence quarks [11] signals 
the action of quantum statistical principles.
While QCD in its perturbative regime describes correctly the soft scale dependance 
of parton distribution functions (pdf), it is unable to ﬁx the low Q2 boundary conditions 
for the DGLAP evolution equations.
The phenomenological motivations for a role of quantum statistical parton dis-
tribution function (QSPDF) just described, suggest that at the value of Q2, which 
separates the non-perturbative and perturbative regimes of quantum chromodynamics, 
the parton distributions are described by Fermi–Dirac functions for the fermions and 
Bose–Einstein for the gluons. At the separation point between the non-perturbative 
region for Q2, where conﬁnement plays an important role, and the perturbative one, 
where DGLAP equations hold, the boundary conditions are ﬁxed by the degeneracy of 
the quantum gases and by the equilibrium conditions with respect to the elementary 
processes driving the DGLAP equations in the perturbative regime5. The dependence 
on the value of Q2 is not so crucial, since it has shown that the DGLAP equations spoil 
slowly the quantum statistical form [12]. We shall require equilibrium conditions at the 
starting Q2 scale for the elementary QCD processes: emission or absorption of a gluon 
by a fermion and conversion of a gluon in a qq¯ pair.
Such conditions automatically will reproduce the isospin and spin asymmetries of 
the light fermions of the sea and imply a Planck form and no polarisation for the gluons.
It is the aim of this work to show the comparison of the quantum statistical parton 
distribution functions with the NNPDF [13, 14] ones that by construction have a mini-
mal dependence on the parametrisation of the functional form. In particular, while we 
have ﬁxed the free parameters of the statistical model ﬁtting the HERA pdfs [15], we 
5 We are grateful to Professor Sivers for relating the degeneracy of the quantum gases to conﬁnement at a seminar 
by Professor Soer.
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ﬁnd that the quantum statistical parton distributions are in better agreement with the 
NNPDF than with the HERA pdfs, so demonstrating that our parametrisation (moti-
vated as a boundary condition) is stable.
In section 2 we shall describe the deep inelastic phenomena and the scale invari-
ance of the structure functions, which describe them. In section 3 we describe the 
theoretical motivation for ﬁxing the low Q2 boundary conditions for the DGLAP equa-
tions according to the principles of quantum statistical mechanics. In section 4 we shall 
compare the parton distribution functions proposed in a previous paper [16] with the 
‘parametrisation independent’ pdf’s described in [13, 14]. In section 5 we show the 
consequent predictions for the ratios between dierent parton distributions which are 
phenomenologically relevant. In section 6 we compare the statistical and the standard 
parametrizations. In section 7 we give our conclusions.
2. Scale invariance in deep inelastic phenomena
The study of the production of a set of hadrons with a large invariant mass produced 
in high energy electron proton interactions, has played a decisive role in establishing 
the QCD as the quantum ﬁeld theory of strong interactions.
The amplitude for producing the ﬁnal hadrons |f〉 is given at the lowest e.m. order 
by the product of the matrix elements of the e.m. current Jµe.m. between the initial and 
the ﬁnal charged lepton (an electron or a muon) and between the initial hadron and 
the ﬁnal state. If q1 and q2 are the momenta of the initial and ﬁnal lepton and p the 
momentum of the initial hadron, the amplitude is given by:
−e
2
q2
u¯(q2)γµu(q1)〈 f( p+ q)|Jµe.m.|p〉 (1)
where q = q2 − q1 and therefore the total inclusive cross-section is proportional to:
Σf〈 p|Jνe.m.|f( p+ q)〉〈 f( p+ q)|Jµe.m.|p〉
= F1(q
2, p · q)(Pν − q · p
q2
qν)
(
Pµ − q · p
q2
qµ
)
+ F2(q
2, p · q) (qνqµ − q2gνµ)
 
(2)
where we have written the most general expression consistent with gauge and parity 
invariance and neglecting the mass of the leptons, in terms of two structure functions Fi 
depending on the two available invariants. When Q2 = −q2 and (2p · q −Q2) are larger 
than the square of the mass of the target hadron, M2, the structure functions depend 
only on the ratio of the two invariants Q
2
2pq˙
. This property, scale invariance, has been 
interpreted by Feynman with the assumption that in that regime the target hadron 
behaves as the container of incoherent charged objects with a deﬁnite probability of 
carrying the percentage x of its longitudinal momentum in the reference frame of the 
ﬁnal hadron, which interacts elastically with the incoming lepton. From the equality:
(xp+ q)2 = x2p2 (3)
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it is easy to conclude that x = Q
2
2p·q coincides with the scaling variable. The Callan-Gross 
relation [17]:
F2(x) = 2xF1(x) (4)
which relates the two structure functions, implies that the partons have spin 1
2
 and the 
relationship between the deep inelastic cross-sectios induced by charged leptons and 
neutrinos implies that the partons should be identiﬁed with the quarks [18] with the 
paradox that they are conﬁned in the hadrons, but at large scales (short distances) 
they behave as free. This behaviour is a property of the gauge theories, where the evo-
lution of the renormalisation group equations is dominated by the gauge bosons with 
the consequence that the eective coupling constant decreases with the scale (the oppo-
site of what happens in quantum electrodynamics (QED), where the eective coupling 
constant increases with the scale). The scaling in deep inelastic reactions has been the 
main reason to formulate the quantum ﬁeld theory of strong interactions, where the 
fundamental ﬁelds are the quarks and the eight gauge bosons associated to the SU(3) 
color (SU(3)c) symmetry. The antisymmetry in color of the quarks in the baryons gives 
rise for them to the total antisymmetry required for the fermions.
The quark parton model identiﬁes the pointlike objects interacting with the lep-
ton probes with the quarks. At any deﬁnite Q2 the inelastic cross section is described 
through the structure functions that are given in terms of the probabilities that the 
struck parton takes the fraction x of the hadron momentum. In terms of the parton 
distributions of the quarks, qi(x), and their charges, ei one has the following expressions 
for the structure functions:
F p2 (x) = x[
4
9
[u(x) + u¯(x)] +
1
9
[d(x) + d¯(x) + s(x) + s¯(x)]]
F n2 (x) = x[
4
9
[d(x) + d¯(x)] +
1
9
[u(x) + u¯(x) + s(x) + s¯(x)]]
g p1 (x) =
2
9
[∆u(x) + ∆u¯(x)] +
1
18
[∆d(x) + ∆d¯(x) + ∆s(x) + ∆s¯(x)]
gn1 (x) =
2
9
[∆d(x) + ∆d¯(x)] +
1
18
[∆u(x) + ∆u¯(x) + ∆s(x) + ∆s¯(x)]
F3(x) = u(x) + d(x) + s(x)− u¯(x)− d¯(x)− s¯(x)
 
(5)
where ∆u(x) = u↑(x)− u↓(x) and a similar deﬁnition holds for the other partons. The 
F2(x)’s (g1(x)) are unpolarised (polarised) structure functions for the electromagnetic 
DIS and F3(x) appears in the weak DIS. We have assumed exact isospin invariance (the 
parton distributions for the neutron are obtained by the one for the proton with the 
exchange u↔ d and u¯↔ d¯ ) and we have considered only the three lightest quarks.
The demand that the partons carry the hadron momentum implies:∑
i
∫ 1
0
pi(x) x dx = 1
where the sum is extended to all the partons p i. By deﬁning the ﬁrst moment of the 
parton distributions:
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∫ 1
0
pi(x)dx = pi
the quantum numbers of the proton imply the sum rules:
u− u¯ = 2 (6a)
d− d¯ = 1 (6b)
s− s¯ = 0. (6c)
The dierence of the ﬁrst two is the Adler sum rule [19],∫ 1
0
[u(x)− d(x)− u¯(x) + d¯(x)]dx = 1 (7)
while the sum of all the three is the Gross–Llewellyn Smith sum rule [20]∫ 1
0
F3(x)dx = 3 (8)
(apart from QCD corrections). For the polarized structure functions g1’s one has the 
Bjorken sum rule [21]:∫
[g p1 (x)− gn1 (x)]dx =
GA
6GV
 (9)
(again apart from QCD corrections) where GA
GV
 is the ratio of the axial to the vector 
coupling in neutron decay, which implies:∫
[∆u(x) + ∆u¯(x)−∆d(x)−∆d¯(x)]dx = GA
GV
. (10)
3. Theoretical formulation of the quantum statistical parton model
The elegant derivation of the Boltzmann distribution with the method of the Lagrangian 
multipliers [22] shows that the energy appears in the exponential as a consequence of 
the constraint on the total energy. In the case of the partons, the main constraint is 
that they all together carry the total hadron momentum; for this reason x is the key 
variable to use in the quantum statistical distributions. Since the ﬁrst proposal of 
Fermi–Dirac functions for the spin 1
2
 partons [23], the description has been improved 
by adding a diractive contribution to describe the low x data, by considering the 
transverse degree of freedom and by relating the distributions of the valence quarks and 
their antiparticles. To consider the transverse degrees of freedom one has to introduce 
a sum rule for the transverse energy, the dierence between the energy and the longi-
tudinal component of the momentum. At high values of the longitudinal momentum of 
the hadron Pz its transverse energy can be approximated by:
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M2
2Pz
while for a massless parton it is given by:
p2T
p0 + pz
=
p2T
PZ
(
x+
√
x2 +
p2T
P 2z
) .
 (11)
By multiplying for 2Pz we get the sum rule:∑
pi
∫
2p2T
x+
√
x2 +
p2T
P 2z
f( pi, x, p
2
T )dp
2
Tdx =M
2
 (12)
where f( pi, x, p
2
T ) is the (x, p
2
T ) distribution of the parton p i. By applying quantum sta-
tistics to both the longitudinal and transverse degrees of freedom of the quark partons, 
one obtains:
xqh(x, p2T ) =
A′x(b−1)
µ2
· 1
exp
(
x−Xhq
x¯
)
+ 1
· 1
exp
 2P 2T
µ2
(
x+
√
x2+
p2
T
P2z
) − Y hq
+ 1
 
(13)
where h is the helicity, x¯ is the ‘temperature’, X’s and Y’s are the ‘longitudinal’ and 
‘transverse’ potentials associated to the quarks, depending on their ﬂavor and helicity, 
and µ2 is the inverse of the Lagrange multiplier associated to the transverse energy 
sum rule.
With the change of variable:
p2T =
µ2
2
(
x+
√
x2 +
p2T
P 2z
)
η. (14)
The integral over η gives:
xq(x) =
A′xb
(e(x−X
↑
q )/x¯ + 1)
·(
ln
(
1 + e(Y
↑
q )
)
− µ
2
2xP 2z
Li2
(
−e(Y ↑q )
))
+
A′xb
(e(x−X
↓
q )/x¯ + 1)
·(
ln
(
1 + e(Y
↓
q )
)
− µ
2
2xP 2z
Li2
(
−e(Y ↓q )
)) 
(15)
where Li2 is the polylogarithmic function. The Q
2 evolution, dictated in the perturba-
tive regime by the DGLAP equations [4], at low Q2 induces a ‘phase transition’ going 
from Q2  =  0, where the baryons are well described by a wave function of three quarks 
antisymmetric in the color degree of freedom and totally symmetric in the others, to 
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the domain, where the parton model describes them as an incoherent set of pointlike 
objects. As a consequence of this conjecture it is reasonable to assume that at a value 
of Q2 intermediate between the two regimes there is equilibrium with respect to the 
elementary QCD processes which rule the evolution in the perturbative regime: emis-
sion of a gluon by a fermionic parton and conversion of a gluon into a qq¯ pair with 
opposite helicities [24]. By assuming the equality between the ‘total potential’ of the 
two sides of the two reactions one gets two important consequences: the vanishing of 
the ‘potentials’ of the gluons implies a Planck form for their distribution (the hadron is 
a black body for the chromodynamical radiation!) and no polarisation for them at the 
intermediate Q2; the ‘potentials’ of the valence quarks and their antiparticles fullﬁl the 
following relations
X↑q +X
↓
q¯ = 0
X↓q +X
↑
q¯ = 0.
 
(16)
Two important consequences of equation (16) are the positive value for ∆u¯(x) and 
the negative one for ∆d¯(x), in agreement with the experiments on W± experiments at 
RHIC [25]. The ‘potentials’ associated to each parton deﬁned by its ﬂavour and spin, 
Xpi and Ypi, as well as the ‘temperature’, x¯, are pure numbers as x. In order to obey the 
parton model sum rules the potentials of the valence quarks are expected to be larger 
than their antiparticles. The defect in the Gottfried sum rule:
d¯− u¯ > 0 (17a)
implies for the Adler sum rule:
u− d < 1. (17b)
Therefore, the inequalities GA
GV
> 1 > u− d, imply for the potentials Xhq  the 
inequalities:
X↑u > X
↓
u (18a)
X↓d > X
↑
d (18b)
X↓d > X
↑
u (18c)
and similar inequalities for the Y hq . The diractive contribution at small x has a power 
behaviour, implying an inﬁnite number of partons. One should assume an isoscalar 
and unpolarised contribution, probably induced by the gluons, in such a way to avoid 
an undesired inﬁnite contribution to the parton model sum rules. For this diractive 
contribution the form:
+
2A˜xb˜
ex/x¯ + 1
 (19)
has been taken.
The unpolarised and polarised e.m. structure functions depend only on the sums:
u(x) + u¯(x), d(x) + d¯(x), s(x) + s¯(x)
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and
∆u(x) + ∆u¯(x),∆d(x) + ∆d¯(x),∆s(x) + ∆s¯(x)
respectively. For the light partons the problem of disentangling the contributions of 
the quarks and the antiquarks is partially simpliﬁed by equations (6a) and (6b) for the 
unpolarised distributions. For the polarised ones the separation of the two contrib utions 
is supplied by the equilibrium conditions. The choice of Q20 = 4 GeV
2 has been done to 
have a scale suciently high to be in the DIS regime. Anyway, as Claude Bourrely has 
shown in a dedicated study [12], the evolution dictated by DGLAP equations allows 
a slow deviation from QSPDF distributions, especially for the polarized ones with the 
starting value ∆G(x,Q20) = 0; therefore a dierent choice of Q
2
0 has a small impact on 
the parton distributions.
The transverse momenta of the quarks within the baryons give rise to the Melosh-
Wigner transformation [26] ei(arctan [
(σ×p)z
p0+pz+m
]) [27], which relates their helicities to their 
polarisation along the momentum of the hadron, where they are conﬁned. Its formal 
expression conﬁrms the group properties of the generator of the transformation, which 
relates constituent to current quarks:
Z = ( W × M)z
proposed some years before [28] with W  transforming as the SU(3) singlet spin 1 of the 
35 of SU(6) and M  as a vector of SO(3). Also, the property that the components of M  
commute [29] in order to obey a sum rule proposed by Weinberg [30] holds from [26].
For the polarised distributions of massless partons the Melosh-Wigner transforma-
tion implies [31]:
x∆q(x) =
A′xb(
e(x−X
↑
q )/x¯ + 1
) ln(1 + eY ↑q )
− A
′xb
(e(x−X
↓
q )/x¯ + 1)
ln
(
1 + eY
↓
q
)
.
 
(20)
By taking for P 2z  its value in the center of mass of the ﬁnal hadrons, neglecting 
M2x2, one gets:
P 2z =
Q2
4x(1− x)
and the factor appearing in equation (15) is:
2µ2(1− x)
Q2
.
The non diractive part of the light antiquarks are obtained by the equilibrium 
conditions in equation (16). The quantum statistical parton distributions functions, are 
then as follows:
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xq(x) =
A′xb
e(x−X
↑
q )/x¯ + 1
(
ln
(
1 + e(Y
↑
q )
)
− 2(1− x)µ
2
Q2
Li2
(
−e(Y ↑q )
))
+
A′xb
e(x−X
↓
q )/x¯ + 1
(
ln
(
1 + e(Y
↓
q )
)
− 2(1− x)µ
2
Q2
Li2
(
−e(Y ↓q )
))
+
2A˜xb˜
ex/x¯ + 1
 
(21)
xq¯(x) =
A¯′xb
e(x+X
↑
q )/x¯ + 1
(
ln
(
1 + e(−Y
↑
q )
)
− 2(1− x)µ
2
Q2
Li2
(
−e(−Y ↑q )
))
+
A¯′xb
e(x+X
↓
q )/x¯ + 1
(
ln
(
1 + e(−Y
↓
q )
)
− 2(1− x)µ
2
Q2
Li2
(
−e(−Y ↓q )
))
+
2A˜xb˜
ex/x¯ + 1
 
(22)
x∆q(x) =
A′xb
e(x−X
↑
q )/x¯ + 1
ln
(
1 + eY
↑
q
)
− A
′xb
e(x−X
↓
q )/x¯ + 1
ln
(
1 + eY
↓
q
) 
(23)
x∆q¯(x) =
A¯′xb
e(x+X
↓
q )/x¯ + 1
ln
(
1 + e−Y
↓
q
)
− A¯
′xb
e(x+X
↑
q )/x¯ + 1
ln
(
1 + e−Y
↑
q
) 
(24)
and we have neglected the factor (1− x) since the diractive term is relevant only at 
low x and the ratio 2µ
2
Q2
 is small (about 5× 10−2). For the gluons, their interpretation as 
black body QCD radiation implies simply:
xG(x) =
Agx
ex/x¯ − 1. (25)
4. Comparison of the quantum statistical parton distributions with NNPDF 3.0 
and NNPDF 3.1
The parameters introduced in the previous section have been ﬁxed by requiring the 
agreement with the results of the unpolarised experiments at HERA [15] and the 
polarised distributions proposed in [32], which are in good agreement with successive 
experiments on the polarized distributions as been shown in [33, 34].
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Here the parametrisation is dierent, although very similar, from the one in [32]. 
Indeed, the extension to the transverse degrees of freedom implies that in place of the 
‘ad hoc’ factors Xq’s and 1/X¯q’s introduced for the valence quarks and their antipar-
ticles one has the factors ln [1 + exp(±Yq)] and a dierent expression for the unpolarised 
and polarised distributions, as a consequence of Melosh transformation [26]. Finally, 
at dierence with [32] we assume the same exponent, b, for the power factor of quarks 
and antiquarks. The parameters have been given in [16], where the comparison with 
[15] for the unpolarised distributions and [32] for the polarised ones has been described 
in the ﬁgures of that paper. The numerical values are:
X↑u = 0.446; X
↑
d = 0.222; X
↓
d = 0.320; X
↓
u = 0.297
Y ↑u = 1.050; Y
↑
d = 0.01; Y
↓
d = 0.360; Y
↓
u = 0.293
A′ = 0.615 A¯′ = 3.50; µ2 = 0.0938(GeV)2; b = b¯ = 0.430
A˜ = 0.070; b˜ = −0.250; x¯ = 0.102; Ag = 27.18.
 
(26)
In [16], we have pointed out the agreement of the values of x¯, Xp  and b with [32] 
and also the fact that the factors ln [1 + e(Yp)] are almost proportional to the ‘ad hoc’ 
factors Xp  introduced there. Furthermore, for the non-diractive contributions of the 
antiquarks, the products Xp · [ln 1 + e(−Yp)] are not so dierent as shown by the follow-
ing tables:
X↑u[ln (1 + e
−Y ↑u )] 0.13
X↑d [ln (1 + e
−Y ↑d )] 0.15
X↓u[ln (1 + e
−Y ↓u )] 0.165
X↓d [ln (1 + e
−Y ↓d )] 0.17
[ln (1 + eY
↑
u )]/X↑u
3.027 04
[ln (1 + eY
↑
d )]/X↑d
3.144 86
[ln (1 + eY
↓
u )]/X↓u
2.8631
[ln (1 + eY
↓
d )]/X↓d
2.778 94
which is a test of the validity of the guessed ‘ad hoc’ factors in [32]. The terms appear-
ing in the unpolarised, but not in the polarised distributions −2(1−x)µ
2
Q2
 is suppressed by 
the small 2µ
2
Q2
 ratio about 0.05, which implies a similar dierence for the ratios ∆pi(x)
pi(x)
 
between [16] and [32].
Since the pdf derived with the NNPDF method is less sensitive to their parametrisa-
tion than the HERA ﬁt, a good test for the idea to ﬁx the low Q2 boundary conditions 
for the DGLAP equations with quantum statistical functions is to evaluate and com-
pare the following integrals at Q2 = 4 GeV2:
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∆x
∫
[
xuQSPDF−xuNNPDF3.0
xuNNPDF3.0
]2dx
∫
[xuHERA−xuNNPDF3.0
xuNNPDF3.0
]2dx
∫
[
xuQSPDF−xuHERA
xuNNPDF3.0
]2dx
10−5–0.1 0.000 719 015 0.000 554 071 0.002 389 61
0.1–0.2 0.001 049 56 0.000 026 162 0.001 175 24
0.2–0.3 0.000 417 635 0.000 046 0843 0.000 193 605
0.3–0.4 0.000 043 073 0.000 009 690 0.000 016 1791
0.4–0.5 0.000 001 3250 0.000 058 110 0.000 043 8131
0.5–0.6 0.000 012 8613 0.000 050 1951 0.000 091 4226
0.6–0.7 0.000 064 3858 0.000 790 763 0.001 210 47
0.7–0.8 0.010 8695 0.016 011 50 0.052 7942
0.8–0.9 318.897 16.1839 478.302
∆x
∫
[
xuQSPDF−xuNNPDF3.1
xuNNPDF3.1
]2dx
∫
[xuHERA−xuNNPDF3.1
xuNNPDF3.1
]2dx
∫
[
xuQSPDF−xuHERA
xuNNPDF3.1
]2dx
10−5–0.1 0.000 565 626 0.000 127 588 0.001 109 68
0.1–0.2 0.000 507 917 0.000 021 3146 0.000 429 023
0.2–0.3 0.000 067 68 0.000 033 7127 0.000 018 2074
0.3–0.4 0.000 236 395 0.000 055 6413 0.000 072 4699
0.4–0.5 0.000 514 227 0.000 333 075 0.000 026 9639
0.5–0.6 0.000 162 651 0.000 191 248 0.000 003 4166
0.6–0.7 0.000 018 3712 0.001 208 85 0.001 501 38
0.7–0.8 0.004 515 37 0.020 3502 0.043 4269
0.8–0.9 0.633 702 0.235 618 1.601 59
∆x
∫
[
xdQSPDF−xdNNPDF3.0
xuNNPDF3.0
]2dx
∫
[xdHERA−xdNNPDF3.0
xuNNPDF3.0
]2dx
∫
[
xdQSPDF−xdHERA
xuNNPDF3.0
]2dx
10−5–0.1 0.000 935 016 0.000 086 975 0.000 522 174
0.1–0.2 0.000 231 97 0.000 122 482 0.000 264 989
0.2–0.3 0.000 886 122 0.001 069 42 0.000 012 975
0.3–0.4 0.000 930 35 0.002 204 76 0.000 373 15
0.4–0.5 0.000 111 96 0.003 433 88 0.003 843 19
0.5–0.6 0.000 480 35 0.008 064 01 0.012 2964
0.6–0.7 0.017 9844 0.074 5385 0.024 8437
∆x
∫
[
xdQSPDF−xdNNPDF3.1
xuNNPDF3.1
]2dx
∫
[xdHERA−xdNNPDF3.1
xuNNPDF3.1
]2dx
∫
[
xdQSPDF−xdHERA
xuNNPDF3.1
]2dx
10−5–0.1 0.000 654 807 0.000 294 042 0.000 089 4604
0.1–0.2 0.000 104 821 0.000 025 0943 0.000 028 3186
0.2–0.3 0.000 966 62 0.000 445 126 0.000 105 624
0.3–0.4 0.002 202 0.002 831 47 0.000 129 78
0.4–0.5 0.002 372 98 0.011 7781 0.003 729 07
0.5–0.6 0.007 583 23 0.051 1037 0.019 4138
0.6–0.7 0.432 667 0.895 085 0.091 3991
∆x
∫
[
xu¯QSPDF−xu¯NNPDF3.0
xu¯NNPDF3.0
]2dx
∫
[xu¯HERA−xu¯NNPDF3.0
xu¯NNPDF3.0
]2dx
∫
[
xu¯QSPDF−xu¯HERA
xu¯NNPDF3.0
]2dx
10−5−0.1 0.004 036 39 0.000 211 0.002 871 37
0.1−0.2 0.005 089 68 0.000 418 277 0.007 360 75
0.2−0.3 0.006 601 97 0.005 5041 0.024 0166
0.3−0.4 0.011 9411 0.011 2131 0.046 2101
0.4−0.5 0.022 2474 0.005 336 99 0.047 5496
0.5−0.6 0.036 3909 0.005 705 92 0.019 0559
0.6−0.7 0.051 2114 0.066 6935 0.003 2279
0.7−0.8 0.062 9684 0.185 068 0.032 574
0.8−0.9 0.066 5441 0.132 565 0.026 9948
Low Q2 boundary conditions for DGLAP equations dictated by quantum statistical mechanics
13https://doi.org/10.1088/1742-5468/ab054e
J. S
tat. M
ech. (2019) 073302
∆x
∫
[
xu¯QSPDF−xu¯NNPDF3.1
xu¯NNPDF3.1
]2dx
∫
[xu¯HERA−xu¯NNPDF3.1
xu¯NNPDF3.1
]2dx
∫
[
xu¯QSPDF−xu¯HERA
xu¯NNPDF3.1
]2dx
10−5–0.1 0.005 947 69 0.001 376 55 0.001 642 08
0.1–0.2 0.007 388 17 0.000 372 285 0.005 346 62
0.2–0.3 0.007 346 23 0.004 435 35 0.021 4513
0.3–0.4 0.002 645 56 0.103 512 0.101 747
0.4–0.5 2.6× 106 1.4× 107 4.5× 106
0.5–0.6 0.367 178 0.889 189 0.122 155
0.6–0.7 0.234 165 0.177 07 0.021 0679
0.7–0.8 176.926 223.324 797.241
0.8–0.9 0.084 0406 0.117 762 0.007 085 71
0.9–1 1.407 28 442.328 395.325
∆x
∫
[
xd¯QSPDF−xd¯NNPDF3.0
xd¯NNPDF3.0
]2dx
∫
[xd¯HERA−xd¯NNPDF3.0
xd¯NNPDF3.0
]2dx
∫
[
xd¯QSPDF−xd¯HERA
xd¯NNPDF3.0
]2dx
10−5–0.1 0.002 984 72 0.003 279 52 0.000 219 856
0.1–0.2 0.005 507 65 0.002 892 95 0.000 889 416
0.2–0.3 0.002 134 23 0.010 8324 0.017 4773
0.3–0.4 0.022 3143 0.359 481 0.207 696
0.4–0.5 18 162.7 113 574.0 40 900.5
0.5–0.6 0.433 291 1.637 86 0.392 428
0.6–0.7 0.182 962 0.351 114 0.029 3522
0.7–0.8 0.146 62 0.135 418 0.002 223 53
0.8–0.9 27.8503 2.895 79 48.335
0.9–1 0.082 0985 0.021 809 0.024 1511
∆x
∫
[
xd¯QSPDF−xd¯NNPDF3.1
xd¯NNPDF3.1
]2dx
∫
[xd¯HERA−xd¯NNPDF3.1
xd¯NNPDF3.1
]2dx
∫
[
xd¯QSPDF−xd¯HERA
xd¯NNPDF3.1
]2dx
10−5–0.1 0.003 705 94 0.005 081 85 0.000 200 826
0.1–0.2 0.005 445 07 0.003 883 97 0.000 594 509
0.2–0.3 0.000 912 217 0.015 8479 0.017 5266
0.3–0.4 0.003 551 12 0.165 96 0.121 09
0.4–0.5 0.003 631 04 0.355 993 0.291 762
0.5–0.6 0.004 234 06 0.185 24 0.225 421
0.6–0.7 0.029 2532 0.012 7472 0.050 3601
0.7–0.8 0.055 0853 0.067 7142 0.002 945 68
0.8–0.9 0.063 9404 0.129 985 0.011 8881
0.9–1 29.7224 1255.42 899.047
∆x
∫
[
x∆uQSPDF−x∆uNNPDF
x∆uNNPDF
]2dx
∫
[
x∆dQSPDF−x∆dNNPDF
x∆dNNPDF
]2dx
10−5  −  0.1 0.020 9504 0.009 129 45
0.1–0.2 0.016 6679 0.008 869 43
0.2–0.3 0.012 1033 0.004 697 45
0.3–0.4 0.003 705 95 0.002 896 97
0.4–0.5 0.000 368 625 0.003 300 56
0.5–0.6 0.000 038 238 0.001 809 12
0.6–0.7 0.000 055 0667 0.057 4587
0.7–0.8 0.007 759 05
0.8–0.9 0.325 299
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∆x
∫
[
x∆u¯QSPSF−x∆u¯NNPDF
x∆u¯NNPDF
]2dx
∫
[
x∆d¯QSPDF−x∆d¯NNPDF
x∆d¯NNPDF
]2dx
10−5–0.1 0.783 212 0.110 157
0.1–0.2 0.075 0617 0.002 039 07
0.2–0.3 0.004 352 38 0.002 963 96
0.3–0.4 0.022 6447 0.000 644 651
0.4–0.5 0.032 7948 0.004 471 69
0.5–0.6 0.024 8546 0.174 047
The polarized statistical parton distributions are compared with NNPDFpol11_100 
[35]. The agreement with NNPDF3.1 of the unpolarized statistical distributions is 
slightly worse than with NNPDF3.0 with the only exception of the d¯ , for which the 
agreement is far better. As long as for the gluons, the agreement is better than with 
HERA and better than HERA at not small x.
Despite the fact that the parameters in QSPDF have been ﬁxed to agree with 
HERA for the unpolarised distributions and with [32] for the polarized ones, the sta-
tistical model is in better agreement with NNPDF than with HERA. This shows that 
the parametrisation implied by the statistical functions is stable.
It is worth stressing that in [15] to agree with data the authors introduce for xu(x) 
the ‘ad hoc’ factor (1  +  9x2), which implies a fast decrease for the ratio d(x)
u(x)
 at interme-
diate x. On the other hand, in QSPDF, such a decrease is automatically obtained with 
the Fermi–Dirac functions.
The strong disagreement of QSPDF with the HERA pdfs at very high x, where 
the experimental information is lacking, depends on their parametrisation with factors 
(1  −  x)C and in the following we will give arguments to state that the behaviour in this 
region of all the parton distributions is better described from the Boltzmann behaviour 
e−x/x¯ rather than from the previously mentioned (1  −  x)C factors.
Indeed the parton distributions are deﬁned for the deep inelastic regime and there-
fore not at x  =  1 (elastic scattering), and its neighborhood, quasi elastic scattering. At 
Q2 = 4 GeV2:
(M ′)2 =M2 +Q2
(
1
x
− 1
)
.
For x  >  0.8, (M ′)2 < 2 (GeV
c
)2 and therefore the parton description is inadequate.
Further conﬁdence on the validity of the statistical approach for the polarised dis-
tributions comes from the success in describing g p,d,He
3
i  [32–34] and W± production at 
RHIC [25, 36]. In ﬁgure 1, we compare our predictions for ∆u(x)+∆u¯(x)u(x)+u¯(x) ,
∆d(x)+∆d¯(x)
d(x)+d¯(x)
 with 
HERMES data [11] where we ﬁnd a rather good agreement.
In ﬁgure 2, we show the prediction for ∆u¯(x)u¯(x) ,
∆d¯(x)
d¯(x)
, which in [36] have been shown 
to agree with the experimental results at RHIC on W production [25].
Furthermore, in the following table, we report the ratios of the valence parton dis-
tributions for the x variable corresponding to the four potentials Xq and 1:
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x 0.222 0.297 0.320 0.446 1
d(x)/u(x) 0.567 12 0.480 90 0.454 03 0.326 30 0.219 35
∆u(x)/u(x) 0.329 68 0.415 19 0.444 18 0.592 10 0.742 82
∆d(x)/d(x) −0.267 09 −0.345 45 −0.367 95 −0.459 65 −0.533 18
which shows that the ratios predicted within QSPDF change quickly in the range 
(X↑d ,X
↑
u) and slowly in the range (X
↑
u, 1).
We choose to quote the ratios in the range between the longitudinal potential of 
the d↑ (the lowest) and of the u↑ (the highest), where they vary more according to 
Figure 1. QSPDF results on ∆u(x)+∆u¯(x)
u(x)+u¯(x)
 (solid) and ∆d(x)+∆d¯(x)
d(x)+d¯(x)
 (dashed dot) at 
Q2 = 4 GeV2 in comparison to the HERMES data at Q2 = 2.5 GeV2 [11].
Figure 2. QSPDF results on ∆u¯(x)
u¯(x)
 (solid) and ∆d¯(x)
d¯(x)
 (dashed) at Q2 = 4 GeV2.
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experiment and to the quantum statistical approach, at dierence with what happens 
with the factors (1  −  x)C of the standard parametrizations, which make the dierence 
more important, when x→ 1.
It is instructive to compare our description of the rates d(x)
u(x)
, ∆u(x)
u(x)
 and ∆d(x)
d(x)
 with 
NNPDF in ﬁgures 3–5, respectively.
The agreement is less good in ﬁgures 4 and 5 than with Hermes data in ﬁgure 1 
for the ratio between polarised and unpolarised distributions. As for the ratio d(x)
u(x)
 in 
ﬁgure 3, we point out that the regular behaviour of the statistical description agrees in 
the high x limit with the result found in [38], 0.22.
As observed in [16], in the Boltzmann limit and neglecting p2T  with respect to P 2z , 
one has the factor exp (−x/x¯− p2T/xµ2), which takes its maximum, exp(−2pT/x¯µ), 
when the two terms in the negative exponential are equal to each other [37]. So, one 
gets for the partons at high p T an exponential behaviour, as the production of hadrons 
in high energy processes.
In [16] we motivated the conjecture that the gluon contribution to the transverse 
energy sum rule is given by the product of the one for the longitudinal energy and 
theratio µ2/x¯.
In [40], where this research began, it has been assumed the equality
2xu↓(x) = xd(x) (27)
to account for the similarity of the shapes of F p2 (x)− F n2 (x) and xg p1 (x) as conﬁrmed 
by ﬁgure 6.
Together, the dominance of 2xu↑(x) at high x, the validity of the equation (27) and 
the shape of x∆d(x), which takes the larger values in the range 0.222 and 0.320 corre-
sponding to the potentials X↑d  and X
↓
d , are a smoking gun in favour of the statistical 
parton distributions.
Figure 3. QSPDF distribution of d(x)
u(x)
 in comparison to NNPDF 3.0 result [13] at 
Q2 = 4 GeV2.
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In ﬁgures 7 and 8 we present the isospin and spin asymmetries of the sea at 
Q2 = 4 GeV2 as given by the statistical parametrisation. They have the common 
Boltzmann behaviour, exp (−x/x¯), and agree with data in the region of x with good 
statistics for d¯(x)− u¯(x) [32, 39] and with the W± at RHIC [25].
Finally, we note that for the gluons, the Planck distributions at Q2 = 4 GeV2 in 
equation (25) with Ag ﬁxed by the sum rile of the longitudinal momentum [16] has a 
dierent shape from the standard form [15]
Ax−0.0257(1− x)9.2 (28)
Figure 4. QSPDF distribution of ∆u(x)
u(x)
 in comparison to NNPDFpol11 result [35] 
at Q2 = 4 GeV2.
Figure 5. QSPDF distribution of ∆d(x)
d(x)
 in comparison to NNPDFpol11 result [35] 
at Q2 = 4 GeV2.
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very similar value for∫ 0.2
0
xg(x)dx. (29)
0.34 and 0.36 respectively, instead∫ 1
0.2
xg(x)dx (30)
dier by a factor 2.5, 0.125 versus 0.05, and the parametrisation implied by the statis-
tical approach is in better agreement with NNPDF [13] than the standard one, as it 
Figure 6. QSPDF results at Q2 = 4 GeV2 for 2xu↓(x) and xd(x).
Low Q2 boundary conditions for DGLAP equations dictated by quantum statistical mechanics
19https://doi.org/10.1088/1742-5468/ab054e
J. S
tat. M
ech. (2019) 073302
happens for the fermion distributions. A better knowledge of the gluon distribution for 
x  >  0.2 will settle this point.
∆x
∫
[
xgQSPDF−xgNNPDF3.0
xgNNPDF3.0
]2dx
∫
[xgHERA−xgNNPDF3.0
xgNNPDF3.0
]2dx
∫
[
xgQSPDF−xgHERA
xgNNPDF3.0
]2dx
10−5–0.1 0.001 911 06 0.000 722 376 0.003 8508
0.1–0.2 0.007 053 95 0.000 342 189 0.009 010 97
0.2–0.3 0.017 3045 0.008 406 13 0.048 9893
0.3–0.4 0.016 1298 0.032 8883 0.094 2397
0.4–0.5 0.008 735 68 0.063 181 0.118 084
0.5–0.6 0.003 555 56 0.086 9557 0.125 291
0.6–0.7 0.003 979 32 0.098 254 0.141 031
0.7–0.8 0.121 946 0.088 2218 0.374 393
0.8–0.9 66 493.3 406.214 56 506.4
0.9–1 0.202 219 0.091 8882 0.021 977
∆x
∫
[
xgQSPDF−xgNNPDF3.1
xgNNPDF3.1
]2dx
∫
[xgHERA−xgNNPDF3.1
xgNNPDF3.1
]2dx
∫
[
xgQSPDF−xgHERA
xgNNPDF3.1
]2dx
10−5–0.1 0.002 276 14 0.000 699 934 0.003 721 65
0.1–0.2 0.005 788 65 0.000 543 944 0.008 556 51
0.2–0.3 0.014 0217 0.009 560 11 0.046 2874
0.3–0.4 0.020 1624 0.031 3372 0.101 653
0.4–0.5 0.034 189 0.056 6068 0.178 68
0.5–0.6 0.106 478 0.079 418 0.367 196
0.6–0.7 0.536 137 0.095 6745 1.075 88
0.7–0.8 0.347 175 0.089 0449 0.741 474
0.8–0.9 0.033 9938 0.092 7595 0.024 3922
0.9–1 0.083 9177 0.101 628 0.000 931 618
Figure 7. QSPDF results on d¯(x)− u¯(x) at Q2 = 4 GeV2 compared with [39].
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5. Advantages of the parametrisation of quantum statistics parton distributions
In DIS the experimental evidence of diraction implies an inﬁnite numbers of partons 
in the small x region. The consistency of the quark parton model sum rules, equa-
tions (6a), (6b), (7) and (10), requires the same contribution to q and q¯ , with q = u, d 
and s and no diractive contribution to the Bjorken sum rule [21]. Isospin invariance 
implies the same contribution for u and d and, therefore, the assumption of an isoscalar 
and unpolarised diractive contribution, implies that it contributes only to the longi-
tudinal and transverse energy parton model sum rules. So that only the non diractive 
terms contribute to the other sum rules. The separation between the diractive and 
non diractive components to the parton distributions (deﬁned intrinsic and extrin-
sic in [39]), with a dierent power behaviour, makes easier the separation of the non 
singlet structure functions with a softer Q2 dependance for the absence of the gluon 
contribution to the evolution. The parameters A′, A¯′ and Ag are constrained by the 
sum rules (8a) and (8b) and the request that partons carry the longitudinal momen-
tum of the hadron. The parameters A˜ and b˜ are ﬁxed by the experiments in the low x 
region. The ‘temperature’ x¯, b and the potentials Xq’s and Yq’s are ﬁxed by the ﬁrst 
moments and the shapes of the valence partons. These parameters ﬁx the normalisation 
and the exponential Boltzmann behaviour in the intermediate x region and, remark-
ably enough, produce the disentanglement of the valence parton contribution from 
their antiparticles. The disentanglement in turn is a direct consequence of imposing 
the QCD equilibrium conditions for both the longitudinal and transverse potentials. 
This property is particularly welcome, since in the high x region one has a lower sta-
tistics and larger systematic errors, in particular in the determination of the neutron 
structure function from the ones for the proton and the deuteron as a consequence 
of Fermi motion [38]. Particle-antiparticle disentangling cannot be achieved by e.m. 
DIS, for which the contribution depends on q(x) + q¯(x), and dierent experiments, like 
Drell–Yan muon pair and W± production in high energy hadron collisions, are needed 
to separate them. Indeed, the agreement with the more precise measurements for the 
ratio d¯(x)
u¯(x)
 [9] and for the positive (negative) prediction for ∆u¯(x) (∆d¯(x)) [25, 36] show 
that the disentanglement between the contributions of the valence quarks and of their 
antiparticles is correctly derived by the equilibrium conditions. We now comment on 
the comparison of our parametrisation with the one chosen in [15] with the standard 
parametrisation: AxB(1− x)C and the exception of the factor (1  +  9x2) for the u par-
tons. As stated above this factor helps to keep into account of the dramatic decrease at 
high x of the ratio d(x)
u(x)
, which is naturally accounted by QSPDF with the inequalities:
X↑u > X
↓
d > X
↓
u > X
↑
d .
Indeed, d(1+9x
2)
dx
/(1 + 9x2) = 18x
1+9x2
 gets its maximum at x = 13, just at the center of 
the range (X↑d ,X
↑
u) . The dramatic decreasing of the parton distributions at high x is 
implemented through the factors (1  −  x)C. The best ﬁt of the data chooses Cu slightly 
larger than Cd in such a way that at high x there is a large uncertainty on the ratio 
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d(x)/u(x). Furthermore, the sea has a smaller Csea in such a way that at very high x it 
dominates over the valence contribution: although the neighborhood of x  =  1 certainly 
does not belong to the DIS domain. For gluons the factor (1  −  x)9 gives a reduction 
comparable with the Boltzmann factor e−x/x¯ in the small x region, where the gluon dis-
tribution is not negligible, and cuts more strongly in the region where it is very small. 
So, a crucial test to choose between the standard parametrisation and the one that 
is implemented in the approach of QSPDF will be achieved by a better knowledge of 
the high x region. With the sea parametrisation proposed in [15] the intrinsic part [39] 
(that we call non diractive), for which there is an isospin asymmetry, is not separated 
from the extrinsic one (diractive).
Figure 8. QSPDF results on ∆u¯(x) and ∆d¯(x) at Q2 = 4 GeV2 compared with 
[32].
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6. Statistical or standard
The standard parametrisation to describe parton distributions AxB(1− x)C with A,B 
and C depending on the parton considered and eventually multiplied by a P (x) to 
improve the agreement with data was proposed with the motivation to have a power 
behaviour at x  =  0 and to have a damping factor at large x to describe the decrease in 
that region. Indeed it is not a good idea to ﬁx the behaviour in regions, where the par-
ton approach is not valid, since x  =  0 corresponds to Q2  =  0 and x  =  1 corresponds to 
the elastic scattering and its neighborhood to quasi elastic especially at Q2  =  4, that we 
are considering for the boundary conditions to the DGLAP equations. There is indeed 
no need to require the vanishing of the distributions at x  =  1, since that value does not 
correspond to deep inelastic. Apart from these theoretical considerations, one has to 
decide between the standard and the statistical distributions on the basis of data, given 
that the two parametrisations imply very dierent properties for the shapes of the 
dierent parton distributions and for their high x behaviour. The statistical approach 
implies that the ratios of the parton distributions, d(x)
u(x)
, ∆u(x)
u(x)
 and ∆d(x)
d(x)
, change quickly 
in the range of the potentials, 0.22, 0.45, and rather smoothly in the Boltzmann regime 
for x  >  0.45, while for the standard parametrisation the factors (1  −  x)C become more 
relevant at high x. An important success of the statistical approach is the agreement 
with the limit for x approaching 1 of the ratio d(x)
u(x)
 with [38]. Another intriguing prop-
erty of the statistical approach is to predict as a consequence of the QCD equilibrium 
conditions the isospin and spin asymmetries of the sea in agreement with the defect in 
the Gottfried sum rule and the asymmetries in the production of W’s [25] [36]. A very 
important test will be given by more precise measurements on the ratio d¯(x)
u¯(x)
 at high 
x [41] (we are grateful to Professor Jacques Soer for the information on this experi-
ment). The prediction of the statistical model [32] of a monotonic increase of that ratio 
was in contradiction with the previous measurement and motivates the change of sign 
of the dierence d¯(x)− u¯(x) in NNPDF. Should the behaviour predicted by the statisti-
cal model be conﬁrmed, it would show the capacity of that parametrisation to not be 
lead to errors by wrong experiments.
7. Conclusion
We have shown the consistent theoretical framework and the successful comparison 
with the experiments of the quantum statistical parton distributions. All the predic-
tions of the statistical approach have been conﬁrmed by experiment, namely:
 (1)  The isospin and spin asymmetries of the proton sea have been found as a conse-
quence of the QCD equilibrium conditions.
 (2)  The correlation between the shapes and the ﬁrst moments of the valence partons 
is the one expected for Fermi–Dirac distributions.
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 (3)  The Boltzmann limit with the common factor e−x/x¯ for all the partons, included 
the gluons, describes well the high x region (x  >  0.6).
 (4)  The comparison with [13], which shows the better agreement of the statistical 
parametrisation with respect to HERA with the only exception of 
∫
xu(x)dx in 
a region, where the ‘ad hoc’ factor (1  +  9x2) is introduced, is a ‘smoking gun’ in 
favour of the statistical approach.
Further, we have stressed the intriguing property of the determination of the param-
eters from data, both on unpolarised and polarised structure functions, with high statis-
tics and small systematic uncertainties. These features make the QSPDF more prizing 
for searches sensitive to properties of the parton distribution function which cannot be 
achieved only by the available data.
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